In this paper we continue to investigate the properties of those sequences {a n } satisfying the condition n k=0 n k (−1) k a k = ±a n (n ≥ 0). As applications we deduce new recurrence relations and congruences for Bernoulli and Euler numbers.
Introduction
The classical binomial inversion formula states that a n = 
.).
Following [8] we continue to study those sequences {a n } with the property n k=0 n k (−1) k a k = ±a n (n = 0, 1, 2, . . .). Definition 1.1. If a sequence {a n } satisfies the relation n k=0 n k (−1) k a k = a n (n = 0, 1, 2, . . .),
we say that {a n } is an even sequence. If {a n } satisfies the relation n k=0 n k (−1) k a k = −a n (n = 0, 1, 2, . . .),
we say that {a n } is an odd sequence.
From [8, Theorem 3.2] we know that {a n } is an even (odd) sequence if and only if e −x/2 ∞ n=0 a n x n n! is an even (odd) function. Throughout this paper, S + denotes the set of even sequences, and S − denotes the set of odd sequences. In [8] the author stated that and so {(−1) n B n } ∈ S + as claimed in [8] .
The Euler numbers {E n } is defined by 2e t e 2t +1 = ∞ n=0 E n t n n! (|t| < π 2 ), which is equivalent to (see [3] ) E 0 = 1, E 2n−1 = 0 and n r=0 2n 2r E 2r = 0 (n ≥ 1). It is clear that
(t/2) n n!
= 2e
t 2 e t + 1 − e t 2 = e t 2 · 1 − e t 1 + e t |t| < π .
As
1−e −t 1+e −t = e t −1 e t +1 , we see that e It is well known that (see [12] ) for b 2 − 4c = 0,
From this one can easily see that for b(b 2 − 4c) = 0, {U n (b, c)/b n } is an odd sequence and {V n (b, c)/b n } is an even sequence. Let {A n } be an even sequence or an odd sequence. In Section 2 we deduce new recurrence formulas for {A n } and give a criterion for polynomials P m (x) with the property P m (1 − x) = (−1) m P m (x), in Section 3 we establish a transformation formula for n k=0 n k A k , in Section 4 we give a general congruence involving A n modulo p 2 , where p > 3 is a prime. As applications we establish new recurrence formulas and congruences for Bernoulli and Euler numbers. Here are some typical results:
⋆ If {A n } is an even sequence and n is odd, then
⋆ If {A n } is an even sequence and λ is a real number, then
⋆ Let m be a positive integer and P m (x) = m k=0 a k x m−k . Then
⋆ Let p be an odd prime, and let {A k } be an odd sequence of rational p-integers. Then
be the greatest integer not exceeding x. For n = 3, 4, 5, . . . we have
In addition to the above notation throughout this paper we use the following notation: N the set of positive integers, R the set of real numbers, Z p the set of those rational numbers whose denominator is coprime to p, ( a p ) the Legendre symbol.
Recurrence formulas for even and odd sequences
For x, y ∈ R and n ∈ {0, 1, 2, . . .} it is well known that
This is called Vandermonde's identity. Let a n = n k=0 n−m k
Lemma 2.1. Let m, p ∈ R and
Proof. Using Vandermonde's identity we see that
So the lemma is proved. Theorem 2.1. Let {A n } be an even sequence. For n = 1, 3, 5, . . . we have
Proof. Putting m = 0, p = n/2 and a n = A n in Lemma 2.1 we deduce the result. Proof. From [8] we know that {(−1) n B n } ∈ S + and {(−1) n+1 (2 n+1 −1)B n+1 /(n+1)} ∈ S + . Thus the result follows from Theorem 2.1.
we see that the result is true.
Proof. We first assume that{A n } is an odd sequence. Putting m = 0, p = n/2 and a n = A n in Lemma 2.1 we see that
Thus, for even n we have
Replacing n with 2n we get n k=0
n+1 } ∈ S − . Thus applying the above we deduce the remaining result.
That is,
To see the result, we note that E 2m−1 = 0 for m ≥ 1. Corollary 2.3. For n = 3, 4, 5, . . . we have
Proof. As {(−1) n B n } ∈ S + , taking A n = (−1) n B n in Theorem 2.2 we see that
To see the result, we note that
Proof. The Bernoulli polynomials {B n (x)} are given by
That is, {(−1) n (2 n − 1)B n } is an odd sequence. Now applying Theorem 2.2 we obtain n k=0
Proof. Using Lemma 2.3 we see that
Theorem 2.3. If {A n } is an even sequence and n is odd, or if {A n } is an odd sequence and n is even, then
Proof. Putting a k = (−1) k A k in Lemma 2.4 we obtain the result. Theorem 2.4. Suppose that m is a nonnegative integer. Then
Proof. For n = 0, 1, . . . , m we have
. As
Thus,
This together with the fact that
yields the result. For any sequence {a n } the formal power series ∞ n=0 a n x n is called the generating function of {a n }.
Lemma 2.5. Let {a n } be a given sequence, a(x) = ∞ n=0 a n x n and m ∈ R. Then
Proof. Clearly,
Thus the result follows. 
So (a) and (b) are equivalent. By Lemma 2.5, (a) is equivalent to (d). Assume a n+m+1 = 0 for n ≥ 0. Then
So (c) is equivalent to (d).
To complete the proof, we note that (d) is equivalent to (e) by Theorem 2.4.
if and only if
for every nonnegative integer n and every p ∈ {0, 1, . . . , n}. Proof. If (2.2) holds, taking p = n in (2.2) we see that
n−k a n−k = ±a n (n = 0, 1, 2, . . .).
n−r n−r s=0 n − r − m − 1 s (−1) n−r−s a n−r−s x r .
Thus, (2.4)
If (2.3) holds, from (2.4) we see that P n (1 − x) = ±(−1) n P n (x) and so (2.2) holds by Theorem 2.5. This completes the proof. Theorem 2.6. Suppose that m, p ∈ R, n k=0 n−m k (−1) n−k a n−k = (−1) α a n and for every nonnegative integer n and k ∈ {0, 1, . . . , n}. Thus, 
.). If n is a nonnegative integer such that α + β + n is odd, then
n k=0 n−m k n−p n−k n k (−1) k a n−k b k = 0. Proof. Set T n = n k=0 ( n−m k )( n−p n−k ) ( n k ) (−1) k a n−k b k . FromT n = n k=0 n − m k (−1) k a n−k · (−1) β k r=0 k r (−1
.).
Hence T n = 0 when α + β + n is odd. This completes the proof. Theorem 2.7. Let λ be a real number.
(ii) If {a n } ∈ S + and {A n } ∈ S − , then
Proof. Suppose n k=0 n k (−1) k a k = (−1) α a n and n k=0
Now taking m = 0 and p = λ + 1 in Theorem 2.6 we see that if 2 ∤ α + β + n, then
This yields the result. Corollary 2.6. Let λ be a real number.
Proof. As { 1 n+1 } ∈ S + , putting a n = 1 n+1 in Theorem 2.7 we deduce the result. Corollary 2.7. Let λ be a real number.
(ii) If {A n } ∈ S − , then
Proof. As { 1 2 n } ∈ S + , putting a n = 1 2 n in Theorem 2.7 we deduce the result. 
Proof. Assume a n = A n+l . Let a(x) and A(x) be the generating functions of {a n } and {A n } respectively. Then clearly A(x) = x l a(x). Since A l = l k=0 l k (−1) k A k = (−1) l A l we see that 2 | l. Thus, applying Lemma 2.5 and (2.1) we see that
n + l r (−1) n−r a n−r = a n (n = 0, 1, 2, . . .)
Note that (−1) n a n
We then obtain the result. Theorem 2.9. Suppose that {a n } ∈ S + with a 0 = 0 and
Thus, by [8, Theorem 3.1] or Lemma 2.5 (with m = −1) we have
Since b 0 = b 1 = 0 and b 2 = a 0 = 0, applying Theorem 2.8 we find that { b n+2
(n+1)(n+2) } ∈ S + . That is {A n } ∈ S + . Theorem 2.10. Let F be a given function. If {A n } is an even sequence, then
If {A n } is an odd sequence, then
Proof. Suppose that n k=0
This yields the result.
Proof. Taking F (s) = (−x) s in Theorem 2.10 and then applying the binomial theorem we obtain the result.
where F (r) = r s=0 r s (−1) s f (s). Hence we have: Theorem 2.11. If {A n } is an even sequence, then for any nonnegative integers m and n we have
If {A n } is an odd sequence, then for any nonnegative integers m and n we have
From [8] we know that {1/ (i) If {A n } is an even sequence, then
We remark that a simple proof of Lemma 3.1 was given by Wang [11] . Theorem 3.1. Let n ∈ N. If {A m } is an even sequence and n is odd, or if {A m } is an odd sequence and n is even, then
Proof. Set ω = (−1 + √ −3)/2. If {A m } is an even sequence and n is odd, putting
As 1 + ω = −ω 2 , we have
The remaining part can be proved similarly. Corollary 3.1 (Ramanujan [1, 5] ). For n = 3, 5, 7, . . . we have
if n ≡ 3, 5 (mod 6).
Proof. As {(−1) n B n } ∈ S + , taking A n = (−1) n B n in Theorem 3.1 we obtain n k=0 3|k
To see the result, we note that n k=0 3|k
Corollary 3.2 (Ramanujan [5] ). For n = 6, 8, 10, . . . we have
Proof. Since {(−1) n (2 n − 1)B n } is an odd sequence, by Theorem 3.1 we have
On the other hand, n k=0 3|k
Thus the result follows. Corollary 3.3 (Lehmer [2] ). For n = 6, 8, 10, . . . we have
Proof. Since {(E n −1)/2 n } is an odd sequence, by Theorem 3.1 and the fact E 2k+1 = 0 we have
Observe that
We obtain
This yields the result. Remark 3.1 Compared with known proofs of Corollaries 3.1-3.3 (see [1, 2, 5] ), our proofs are simple and natural. Now we introduce new sequence {S n } defined by
The first few values of S n are shown below:
we see that
S n x n n! = 2e x e x + 1 (|x| < 2π).
Since ∞ n=1 S n x n n! = e x −1 e x +1 = − e −x −1 e −x +1 , we have S n = −(−1) n S n and so S 2m = 0 for m ≥ 1. As e −x/2 ∞ n=0 S n x n n! = 2 e x/2 +e −x/2 is an even function, we have
Corollary 3.4. For n = 1, 3, 5, . . . we have
Proof. As {S n } ∈ S + , from Theorem 3.1 we see that for odd n,
To see the result, we recall that S 0 = 1 and S 2m = 0 for m ≥ 1.
Let F n = U n (1, −1) and L n = V n (1, −1) be the Fibonacci sequence and Lucas sequence, respectively. From Section 1 we know that {F n } is an odd sequence and {L n } is an even sequence. 
It is known ( [6] ) that F p−( ) ≡ 2( p 5 ) (mod p 2 ). Also, 5F n = 2L n+1 − L n = L n + 2L n−1 . Thus 5F p−(
and so 
Proof. For k = 1, 2, . . . , p − 2 we have 
Proof. Taking A k = V k (b, c)/b k in Theorem 4.2 we deduce the result. Corollary 4.8. Let p > 5 be a prime. Then 
